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ABSTRACT
We present a grid-based non-parametric approach to obtain a triaxial three-
dimensional luminosity density from its surface brightness distribution. Triaxial de-
projection is highly degenerate and our approach illustrates the resulting difficulties.
Fortunately, for massive elliptical galaxies, many deprojections for a particular line
of sight can be discarded, because their projection along other lines of sight does not
resemble elliptical galaxies. The near-elliptical isophotes of these objects imply near
ellipsoidal intrinsic shapes. In fact, deprojection is unique for densities distributed
on ellipsoidal shells. The constrained non-parametric deprojection method we present
here relaxes this constraint and assumes that the contours of the luminosity density are
boxy/discy ellipsoids with radially varying axis ratios. With this approach we are able
to reconstruct the intrinsic triaxial densities of our test models, including one drawn
from an N-body simulation. The method also allows to compare the relative likelihood
of deprojections at different viewing angles. We show that the viewing orientations of
individual galaxies with nearly ellipsoidal isophotal shapes can be constrained from
photometric data alone.
Key words: celestial mechanics, stellar dynamics – galaxies: elliptical and lenticular,
cD – galaxies: structure
1 INTRODUCTION
Photometric observations of galaxies provide us with the sur-
face brightness (SB) profile and the shapes of the isophotes,
possibly as a function of wavelength. From here, we need
to constrain the intrinsic, three-dimensional luminosity and,
possibly, stellar mass density ρ, as a starting point to study
the dynamics of galaxies. This step can be performed fitting
the galaxy kinematics through the powerful Schwarzschild
(1979) method, where the stellar mass density, along with
a dark matter (DM) profile and a black hole (BH) mass, is
used to build a potential by integrating the Poisson’s equa-
tion through which the orbits are computed (Gebhardt et al.
2003; Thomas et al. 2004, 2005). Another potent dynamical
modelling approach is the made-to-measure N-body tech-
nique (Syer & Tremaine 1996; de Lorenzi et al. 2007; Dehnen
2009), where an N-body model is adapted to fit the data
subject to any constraints. A less general but popular al-
ternative is to solve the Jeans equation, typically assuming
cylindrical symmetry (Cappellari 2008).
Computer tomography solves the problem of recon-
? E-mail: denicola@mpe.mpg.de
structing the three dimensional structure of a body by com-
bining a number of two-dimensional projections taken at dif-
ferent angles covering a semi-circle. Astronomers have access
to only one line of sight (LOS). For an axisymmetric system
this means that the true density can be reconstructed only
when the object can be assumed to be seen edge-on (Rybicki
1987; Gerhard & Binney 1996). In general, at any assumed
inclination angle i (defined as the angle between the LOS
and the equatorial plane) a ’cone of ignorance’ of opening
90◦ − i is generated in Fourier space, such that any density
inside this cone will project to nothing along the assumed
LOS. Such conus densities are unphysical on their own, since
they are necessarily negative somewhere. However, to some
extent, they make the deprojection at any assumed i < 90◦
non-unique. Gerhard & Binney (1996) and van den Bosch
(1997) discuss extensively conus densities. Gerhard (1996)
considers the extension of the Fourier slice theorem (Ry-
bicki 1987) to the triaxial case, where the degeneracy of the
problem is increased further, since only 4 planes in Fourier
space are constrained by the measured surface brightness.
Although deprojecting SBs is a mathematically ill-
posed question, a number of parametric and non-parametric
approaches have been implemented to sample the space of
© 2020 The Authors
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possible three dimensional density distributions of galaxies.
Parametric algorithms have the natural advantage of yield-
ing smooth solutions and being fast, while non-parametric
methods trade off naturally smooth solutions and very short
computational time for an approach that can find a much
broader family of solutions. In both cases, exploiting addi-
tional statistical information, like the ellipticity distribution
determined from the observations of millions of galaxies on
the sky, can help reducing the ambiguity of the deprojection
of individual objects.
The most widely used parametric method is the Multi-
Gaussian Expansion (MGE, Bendinelli 1991; Emsellem et al.
1994; Cappellari 2002). This routine can be directly applied
to images and fits a SB distribution with a sum of Gaus-
sians. This Multi-Gaussian model can be deprojected ana-
lytically for a given set of viewing angles (see the next sec-
tion for their geometric definition), under the assumption
that each 2D Gaussian component of the SB deprojects into
a 3D Gaussian component of the density (see Section 4.1).
This approach has several benefits, however, it just yields
one deprojection per set of viewing angles, and there is no
guarantee that this intrinsic deprojected density is correct.
By construction, all these deprojections project exactly to
the same Multi-Gaussian model, for the respective viewing
angles. Thus, this approach does not allow to rank different
deprojections based on their different relative likelihoods.
Although the range of possible viewing angles is limited by
the requirement that the axis ratios p and q should always
follow the constraint 06 q6 p6 1 and can be further con-
strained by assumptions about the minimal physically plau-
sible intrinsic flattening etc.
Non-parametric algorithms are the best choice with re-
spect to the intrinsic degeneracy issue. However, the abil-
ity to find any mathematically possible solution comes to
the expense that these algorithms need some kind of penal-
ized approach in order to keep the deprojection under con-
trol and filter out non-physical solutions. One well-working
non-parametric axisymmetric algorithm is the one presented
in Magorrian (1999), hereafter M99. This algorithm imple-
ments a penalized Metropolis Monte-Carlo algorithm that
starting from an isophotal table deprojects the SB under the
assumption of axisymmetry, also allowing for penalty func-
tions that make the solution smoother or bias it towards a
more boxy/discy shape. Being axisymmetric, the code has
the limitation of not allowing for isophotal twist, a typical
indication of triaxiality.
In this work, we implement a triaxial version of this
fully non-parametric approach. Unlike for the axisymmetric
case, finding suitable smoothing or penalty functions turns
out difficult in the extension to triaxiality and we here follow
a different approach to “penalize” the deprojection: we take
advantage of the empirical fact that iso-density contours of
massive ellipticals do not deviate strongly from ellipsoidal
shapes. This suggests a smoothing towards ellipsoidal in-
trinsic shapes and we develop a constrained non-parametric
tool, where the density is stratified onto deformed (discy-
boxy) ellipsoids. We show that exactly ellipsoidal deprojec-
tions are unique when the line-of-sight (LOS) is known (and
different from one of the principal axes). We use our ellip-
soidal code to explore, for the first time, how tightly the
viewing angles of triaxial objects can be constrained from
surface photometry only.
The paper is organized as follows. Section 2 provides the
mathematical background of the triaxial deprojection prob-
lem and introduces the concept of cloaked densities, the
triaxial analogous of the konus densities encountered in the
axisymmetric case. In Section 3 we show the details of the
transformation of the M99’s code from the axisymmetric to
the triaxial case and discuss the degeneracies connected to
non-parametric deprojections. Section 4 demonstrates that
ellipsoidal deprojections of density distributions stratified on
ellipsoidals are unique if the viewing angles are known and
different from the principal axes. Section 4.2 presents the
modifications implemented to constrain the solution on de-
formed ellipsoids. Section 5 explores the range of observables
(ellipticities, position angle twists, a4 coefficients) generated
by projection effects along with illustrating the reliability
of the algorithm, while Section 6 explores how tightly the
viewing angles can be constrained. Section 7 compares the
performances of our approach with the MGE strategy. Sec-
tion 8 summarizes our findings and conclusions. The Ap-
pendices present a number of analytic cloacked densities (see
Section 2) and discuss how to deal with the presence of discs.
2 THE FOURIER-SLICE THEOREM &
CLOAKED DENSITIES
It is well known that the deprojection of an axisymmetric
density is not unique, unless the object is viewed precisely
edge-on (Gerhard & Binney 1996). The deprojection of a
triaxial galaxy is even less constrained: let ρ(r) be a 3D
density distribution of a transparent galaxy and
Σ(x, y)=
∫
ρ(r)dz (1)
its surface density when projected along the z axis. Now
consider the Fourier transforms of both ρ and Σ:
ρˆ(k)=
∫
ρ(r)e−ik · r dr, (2)
Σˆ(kx, ky)=
∫
Σ e−i(kx x+ ky y) dx dy
=
∫
ρ(r)e−i(kx x+ ky y) dr, (3)
where equation (1) has been used. Thus (Fourier-slice theo-
rem, Rybicki 1987),
Σˆ(kx, ky)= ρˆ(k)

kz=0. (4)
Of course, nothing is special about the choice of the z-axis
and a more general form of the theorem states that the
Fourier transform Σˆ of the projection of ρ along the LOS
direction
` = (sinθ cosφ, sinθ sinφ, cosθ)t (5)
equals ρˆ in the plane ` · k = 0. If ρ is assumed/known to be
triaxial, then so is ρˆ and knowledge of Σ constrains ρˆ on the
four planes `i · k = 0 with
`1 ≡ `, `2 ≡ ©­«
−`x
`y
`z
ª®¬, `3 ≡ ©­«
`x
−`y
`z
ª®¬, `4 ≡ ©­«
−`x
−`y
`z
ª®¬, (6)
which are the reflections of ` off the symmetry axes. These
four planes dissect the space into distinct regions as depicted
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Figure 1. The projection along various LOSs (as indicated, also by the cross) constrains the 3D density only on four planes in Fourier
space, shown as great circles (red) on a unit sphere. If the LOS is near a fundamental plane or axis, large parts of Fourier space are
completely unconstrained. The planes dissect Fourier space into funnel-shaped regions: a four-sided funnel around each fundamental axis
and a three-sided funnel between them in each octant around the reciprocal LOS (star).
in Fig. 1. Of course, if ρ(r) is triaxial, the conditions that
ρˆ(k)= 0 on any one of these planes are mutually identical.
Hereafter, we denote a density distribution that projects
to Σ = 0 at all sky positions a cloaked density. We also
denote as cloak the set of LOS ` such that the projection of
ρ(r) is invisible. For every non-trivial density, the cloak can
only cover a small but possibly continuous set of directions.
A projection along of one of the principal axes provides
the least amount of information and does not constrain the
density distribution along those axes. On the other hand, a
projection along a line of sight far from any principal axis
does not constraint the Fourier transform ρˆ near these axes,
such that distributions ρ with ρˆ , 0 only around one prin-
cipal axis are cloaked. Adding or subtracting such cloaked
densities typically adds or subtracts a disc perpendicular
to the respective principal axis. In Appendix A we study
cloaked densities in more detail and present several straight-
forward and elegant schemes for constructing them as well
as near-invisible densities.
Some mathematical properties of these cloaked densities are
as follows. Let ρ1(r) and ρ2(r) be two cloaked densities and
f (r) an arbitrary function, then the following are also invis-
ible when projected along `.
(i) Linear combinations of ρ1(r) and ρ2(r), whereby the
cloak shrinks to the intersection of the cloaks of ρ1 and ρ2;
(ii) any linear differential of ρ1(r) with respect to either
r or any parameters (or both);
(iii) a convolution of ρ1(r) with f (r);
(iv) a convolution of ρ1(r) with ρ2(r), whereby the cloak
extends to the union of the cloaks of ρ1 and ρ2.
The high degree of degeneracy in the triaxial deprojec-
tion problem suggests to approach the problem in a non-
parametric fashion. For the axisymmetric case, such code
already exists (Magorrian 1999) and has been successfully
applied to many galaxies. In the next section we present our
triaxial extension of the axisymmetric code of M99.
3 NON-PARAMETRIC TRIAXIAL
DEPROJECTION
3.1 Extension to the triaxial case
We start with a short overview of J.Magorrian’s algorithm.
The most significant points are:
• Both the SB and the intrinsic density are placed onto
elliptical polar grids. In the axisymmetric case, a natural
choice for the flattenings of the two grids is given by the
inclination angle i and by the relation1
q′ =
√
q2 sin2 i+cos2 i, q= b/a (7)
where q’ is the mean value of 1− ε, ε being the measured
ellipticity.
• The program minimizes a likelihood function
L =−1
2
χ2+P (8)
where χ2 is given by
χ2 =
nm′∑
i=0
nθ′∑
j=0
(
Si j − Sˆi j
∆Si j
)2
, (9)
and P is a penalty term used to penalize against unsmooth
solutions or to drift the solution towards a certain shape.
In equation (9), Si j and Sˆi j refer to the observed and the
model SB, respectively, while ∆Si j is the error coming from
the observations. The grid has dimensions nm′ ×nθ′ .
• Using a Metropolis algorithm (Metropolis et al. 1953),
the program starts from an initial guess given by a double-
power-law profile (16) to seek an intrinsic density projecting
to a good fit to the observed SB profile.
In the triaxial case, some modifications are needed.
First, we choose to represent the SB onto a grid of the form
x′i j =m
′
i cosθ
′
j, y
′
i j = ηm
′
i sinθ
′
j (10)
where η is used to flatten the grid along y (η < 1), along x
1 We use primes to denote coordinates and quantities defined in
projection, i.e. on the sky.
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Figure 2. Geometric meaning of the viewing angles θ and φ,
which determine the LOS direction zˆ′, and ψ, which is a rotation
around the LOS itself.
(η > 1) or to keep it circular (η = 1). Typically we sample m′i
with 50 points and θ ′j with 11 points from 0 to pi.
The triaxial intrinsic density ρi jk ≡ ρ(xi jk, yi jk, zi jk ) is
sampled onto an ellipsoidal grid of the form:
xi jk =mi sinθ j cosφk,
yi jk = Pmi sinθ j sinφk,
zi jk =Qmi cosθ j .
(11)
Hereafter we define R ≡ log ρ. The radial variable mi ranges
the semi-minor axis of the innermost isophote to a few (∼4)
times the semi-major axis of the outermost isophote with
typically 50 logarithmic steps, θ and φ go from 0 to pi/2 with
11 linearly spaced steps, and P, Q are the two flattenings of
the grid. P and Q can be chosen freely, their values do not
influence the solutions discussed in Section 4.2, but have an
impact on the computing time needed to achieve the final
solution.
The two coordinate systems (x′, y′, z′) and (x, y, z) are
related by a rotation. Instead of using Euler angles, we fol-
low the convention of Binney (1985) and de Zeeuw & Franx
(1989) and use the polar coordinates (θ, φ) of the LOS (5)
plus a rotation in the plane of the sky to parameterise this
coordinate transform. Then
©­«
x′
y′
z′
ª®¬=Rψ ·P ·©­«
x
y
z
ª®¬, with Rψ = ©­«
sinψ −cosψ 0
cosψ sinψ 0
0 0 1
ª®¬ (12)
and the projection matrix (de Zeeuw & Franx, equation 3.2)
P= ©­«
−sinφ cosφ 0
−cosφcosθ −sinφcosθ sinθ
cosφ sinθ sinφ sinθ cosθ
ª®¬ . (13)
The inverse transform is simply r =Pt ·Rtψ · r ′. ψ is the angle
between the projection of the z-axis onto the sky and the
x′-axis, measured counterclockwise, see also Fig. 2.
In the axisymmetric case, the orientation of the SB ma-
jor axis determines the appropriate value for ψ, while owing
to axial symmetry the angle φ has no effect, so that only the
inclination i = θ is of importance. Conversely, for the triaxial
case all three viewing angles must be considered.
3.1.1 The penalty function
The penalty function consists of two terms. The first one
Psm =
C
λm
∑
i, j,k
[Ri+1, j,k −2Ri, j,k +Ri−1, j,k
∆ logm
]2
+
C
λθ
∑
i, j,k
[Ri, j+1,k −2Ri, j,k +Ri, j−1,k
∆θ
]2
+
C
λφ
∑
i, j,k
[Ri, j,k+1−2Ri, j,k +Ri, j,k−1
∆φ
]2
, (14)
(with C =−√2nm′nθ′) penalizes un-smooth solutions and ex-
tends equation (9) of M99 to the triaxial case. We use typ-
ically values for λm between 0.5 and 1.2, which is up to an
order of magnitude smaller than the default value λm = 6 for
the axisymmetric code, while for λθ and λφ we usually adopt
a value of 0.5 (Magorrian 1999).
The second term of the penalty function
Pnn =
Cnn
nm
∑
i,k
max
{
0,
(Ri,2,k −Ri,1,k )}2
+
Cnn
nm
∑
i,k
max
{
0,
(Ri,nθ,k −Ri,nθ−1,k )}2
+
Cnn
nm
∑
i, j
max
{
0,
(Ri, j,2−Ri, j,1)}2
+
Cnn
nm
∑
i,k
max
{
0,
(
Ri, j,nφ −Ri, j,nφ−1
)}2
, (15)
(with Cnn =−4C) generalizes equation (6) of M99 and penal-
izes models whose isocontours have negative ∂R/∂θ at θ = 0
and pi/2 (and the same for φ).
The Metropolis algorithm works in the same way as in
Magorrian’s code. The problem here is that since we go up
one dimension, there will be a significant larger amount of
points that shall be modified by the code. For instance, in
the axisymmetric case we sample log ρ on a 50 × 11 grid,
while in the triaxial case we take a 50× 11× 11 grid. Since
in the Magorrian’s code all points of the SB grid are recom-
puted after each iteration, even a modest increase in the
grid dimension leads to a significant increase in computa-
tional time. To speed up things, after the initial guess for R
has been computed, we vary each Ri jk by a large factor, say
100, project the intrinsic density along the LOS and verify
which points of the SB grid are actually varied by a factor
larger than 0.1%. We tested that by using this mapping on
the axisymmetric code we can get a triaxial Python code
nearly as fast as the axisymmetric C code of M99.
3.1.2 Seeing Convolution
When the distance from the galaxy centre is significantly
larger than the resolution of the observations, one can ne-
glect point-spread-function (PSF) effects; however, when
studying the central regions of a galaxy, correct BH masses
can be derived only when the BH sphere of influence is well
resolved and the PSF effects are taken into account (Rusli
et al. 2013). In our code, we added the option to perform
the PSF convolution at every step of the Metropolis before
MNRAS 000, 1–25 (2020)
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Figure 3. The ELLIP model of Section 3.2.1, see also Table
2. From top to bottom: radial profiles of the density along the
principal axes, p, q, and the triaxiality parameter T (equation 17).
comparing the projection to the observations. Typical di-
mensions of the (non-parametric) PSF matrix we use are
about 100× 100, but can be adapted to the specific photo-
metric data; the PSF is supposed to be sampled from −3σobs
to 3σobs, where σobs is the seeing of the observations. The
PSF convolution is by far is the most time-consuming step
and is the only step that has been parallelized. We postpone
a detailed discussion of this part to the code to upcoming
first applications to real galaxies.
3.2 Exploring non-parametric triaxial
deprojections
3.2.1 A benchmark model
As a first step towards the testing of our deprojection al-
gorithm, we consider as a benchmark a Jaffe (1983) model,
which corresponds to the case α= 2 and β= 4 of the double-
power-law models (Binney & Tremaine 2008, equation 2.64),
ρ(r)= ρ0(r/s)α(1+r/s)β−α , (16)
stratified on coaxial ellipsoids with specified radial profiles of
the axis ratios. The values we chose for the total luminosity
and the scale radius are 1010 L and s = 1kpc, whereas the
grids (10) and (11) have dimensions 30×7 and 50×11×11,
respectively. The SB grid extends from 0.1 to 10 kpc with bin
size ∼ 0.16dex, while the ρ grid reaches out to 30 kpc and has
bin size ∼ 0.115dex. We modelled the p, q profiles to be cubic
polynomials with coefficients such that p increases from ∼
0.55 to ∼ 1 from the innermost to the outermost density
contour, while q increases from ∼ 0.45 to ∼ 0.8, see Fig. 3.
We also show the triaxiality parameter
T =
1− p(r)2
1−q(r)2 . (17)
(Binney & Tremaine 2008). This model, hereafter referred
to as ELLIP, appears in several figures, listed in Table 2
(on page 10), which summarizes all models considered in
this study. Although the p, q, T profiles of this model are
probably not representative of bright ellipticals, their mean
values 〈q〉 ≈ 0.6 and 〈T〉 ≈ 0.7 are in line with the observed
ranges 0.6 . q . 0.8 and 0.4 . T . 0.8 (Tremblay & Merritt
1996; Vincent & Ryden 2005; Weijmans et al. 2014; Foster
et al. 2017; Ene et al. 2018).
The SB of ELLIP is placed onto a grid with η = 0.8
(equation 10) while the flattenings of the ρ grid are P =
0.7 and Q = 0.6 (equation 11). These values for η, P, and
Q will be used throughout the paper for all tests using a
Jaffe density profile. As M99, we first compare the analytic
expression of the Jaffe profile with our numerical projection,
getting an RMS of ∼0.03%, good enough for our purposes
since it is smaller than typical uncertainties. The RMS can
be simply obtained by multiplying equation (9) by ∆S2i j and
dividing the result by the number of grid points before taking
the square root.
Due to the existence of cloaked densities, it is not a
surprise that our non-parametric deprojection algorithm re-
constructs a variety of densities, depending on many factors,
such as the random seeds values and the shape of grid im-
posed by the choice of P and Q.
3.2.2 An example of a cloaked density
We illustrate this effect by deprojecting the projection of
model ELLIP for θ = φ=ψ = 45◦. In Section 4 we show that
a density that is stratified on ellipsoids, such as ELLIP, ad-
mits a unique deprojection onto ellipsoids (unless it is viewed
along one of the principal axes). But our non-parametric al-
gorithm can find many more solutions (which are necessarily
not stratified on ellipsoids), for whatever choice of viewing
angles. Fig. 4, bottom, shows the percentage differences be-
tween one of these solutions obtained using the true viewing
angles (θ = φ=ψ = 45◦) and the true density along the three
principal axes. In projection this model agrees with the true
SB to a striking 0.0007% (Fig. 4, top), but differs from the
true space density by up to 60% (Fig. 4, bottom). Moreover,
it is physically plausible, when compared to the properties
of low and high luminosity ellipticals. Re-projecting it along
a variety of viewing angles generates SBs with ellipticity
lower than 0.5, twists2 τ exceeding 10◦ only for low ellip-
ticities (Fig. 5, left) and higher-order shape coefficients a4
(Fig. 5, right) and a63 spanning the range observed in discy
2 We define the twist angle τ as the maximal variation across the
position angles of the isophote major axis.
3 Throughout this study, we adopt the definition of Bender &
Mo¨llenhoff (1987) for the isophote shape coefficients, normalizing
them to the major axis value a as an ≡ an/a×100.
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Figure 4. Relative differences between the true density along the
principal axes (bottom) as well as SB (top) along the apparent
major (blue) and minor (orange) axes of model ELLIP projected
for θ = φ =ψ = 45◦ and those obtained by our non-parametric de-
projection. Although the fit to the observed SB is very good, the
intrinsic density is far off the true value, a consequence of the
non-uniqueness of triaxial deprojection.
or boxy ellipticals Bender et al. (1988, 1989). However, for
a few viewing directions (close to the z- or x axes: black and
blue points in Fig. 5, right) the isophotes are discy, which
would rule out such a model for massive ellipticals, which
are only observed with elliptical and boxy isophotes (see
discussion in Section 5.1).
Figs. 6 & 7 show the actual cloaked density, i.e. the
difference between the true density and the deprojection so-
lution. It is a flattened structure almost orthogonal to the
z-axis with negative density at low z, reminiscent of a (re-
versed) disc, causing discy isophotes in projection when seen
near the z−axis. A qualitative equivalent of the bottom plot
of Fig. 6 (left) and the middle plot of Fig. 7 is given in Fig.
A2 for one of the possible analytical descriptions of cloacked
densities discussed in Appendix A
This example shows that, although the code does its
job very well in producing a good fit to the observations, an
efficient mechanisms is needed to suppress solutions that are
unrealistic for massive ellipticals.
4 DEPROJECTION ASSUMING
APPROXIMATELY ELLIPSOIDAL
ISODENSITY CONTOURS
Although a non-parametric approach is desirable for explor-
ing the broadest possible range of densities, it suffers from
the large ambiguity in triaxial deprojections. Observation-
ally, however, we know that the isophotes of massive ellipti-
cal galaxies do not deviate strongly from ellipses. This sug-
gests, that the intrinsic density distributions of these galax-
ies are approximately ellipsoidal. As we will show in this
Section, the assumption of ellipsoidal density distributions
makes the deprojection problem a lot more tractable.
4.1 Ellipsoidal projection and deprojection
First note that the projection
Σs(R)=
∫ ∞
−∞
ρs
(√
R2+ z2
)
dz = 2
∫ ∞
R
ρs(r)r dr√
r2−R2
(18)
of a spherical galaxy with density ρs(r) can (in principle)
always be de-projected to obtain ρs(r) via (e.g. Binney &
Tremaine 2008, problem 1.2)
ρs(r)=− 1
pi
∫ ∞
r
dR√
R2−r2
dΣs
dR
. (19)
Now, given parameters a, b, c > 0, an ellipsoidal version of the
galaxy has density
ρ(r)= (abc)−1ρs(m) (20)
with
m2 =
x2
a2
+
y2
b2
+
z2
c2
= r t ·C−1 · r, (21)
where C≡ diag(a2,b2,c2). Complement the LOS direction ` =
zˆ ′ with the two perpendicular unit vectors ξ and η spanning
the sky, which we take to be the first and second rows of
matrix P (13). The rotated coordinates are then
r˜ ≡ (ξ,η, `)t =P · r (22)
and the projection integral becomes
Σ(ξ,η)=
∫
d` ρ
(√
r˜ t · C˜−1 · r˜
)
, (23)
where C˜ ≡ P ·C ·Pt . Using the Fourier slice theorem4 Σ can
be expressed in terms of the spherical projection as
Σ(ξ,η)= C¯−1/2 Σs ((ξ,η)t · C¯−1 · (ξ,η)), (26)
4 The Fourier transform of ρ is
ρˆ(k)=
∫
ρ(r)e−ik ·r dr =
∫
ρs (m)e−iκ ·m dm = ρˆs (κ)
with m ≡C−1/2 ·r, κ ≡C1/2 ·k . (24)
Thus, ρˆ(k) is an ellipsoidal function, but with axis ratios inverted
from those in real-space. According to the Fourier slice theorem
Σˆ(kξ , kη )= ρˆ(k)

k`=0
= ρˆs
(√
(kξ , kη )t · C¯ · (kξ , kη )
)
, (25)
where the 2×2 matrix C¯ is the ξ-η part of C˜, and equation (26)
follows.
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Figure 5. Correlations between mean ellipticity 〈ε〉 and twist angle τ (left) and 〈ε〉 and mean a4 (right), when re-projecting an intrinsic
density recovered by non-parametric deprojection for model ELLIP. The discy isophotes (〈a4 〉 > 0) obtained for some viewing directions
are very unusual for massive ellipticals. In the right panel, black points have (θ, φ)6 (24, 22)◦ (near the z-axis), while blue points have
θ ≈ 70◦ and φ ≈ 6◦ (near the x-axis).
 1.0  0.5 0.0 0.5 1.0
 6
 4
 2
0
( 
⇢
x
)
model > true
true > model
 1.0  0.5 0.0 0.5 1.0
 8
 6
 4
 2
0
( 
⇢
y
)
 1.0  0.5 0.0 0.5 1.0
log r (kpc)
 6
 4
 2
0
( 
⇢
z
)
Figure 6. Radial profiles of the cloaked density hidden in the non-
parametric deprojection of the ELLIP model (see Fig. 4) along
the three principal axes (top: major; middle: intermediate; bot-
tom: minor). Red/blue colours indicate that the recovered density
is larger/smaller than the true density.
where the 2×2 matrix C¯ is the ξ-η part of C˜ with components
C¯ξξ = a2 sin2 φ+b2 cos2 φ, (27a)
C¯ξη = (a2−b2)sinφcosφcosθ, (27b)
C¯ηη = (a2 cos2 φ+b2 sin2 φ)cos2 θ+c2 sin2 θ (27c)
and
|C¯| = |C| (`t ·C−1 · `)
= a2b2 cos2 θ+ (a2 sin2 φ+b2 cos2 φ)c2 sin2 θ. (28)
Thus, the projection of an ellipsoidal density is el-
liptic. Moreover if the LOS is not within any of the funda-
mental planes, then the parameters of the matrix C can be
recovered from C¯: an elliptic surface density has a unique el-
lipsoidal density5. In contrast, for θ = 0 (the projection along
the minor axis) C¯ does not depend on c; for θ = pi/2 and φ= 0
(the projection along the major axis) C¯ does not depend on
a; for θ = pi/2 and φ = pi/2 (the projection along the inter-
mediate axis) C¯ does not depend on b. Therefore, in these
cases the deprojection of an elliptical SB onto an ellipsoidal
density is not unique.
4.2 Developing the algorithm
Exploiting this result, we modified the fully non-parametric
code in order to find the best solution on shells of a given
shape (ellipsoids with possible boxy or discy deformations).
Instead of searching for the density values on the three di-
mensional grid, we assume that four one-dimensional func-
tions ρ(x), p(x), q(x), and ξ(x) of the distance x along the
major axis describe at every point the density ρ(x, y, z) to be
5 This is the basis of the multi-Gaussian deprojection
method, when Σ(ξ, η) is decomposed into a superposition of ellip-
tical Gaussian surface densities, each of which is then deprojected
into the corresponding unique ellipsoidal Gaussian density.
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Figure 7. Contours of the cloaked density shown in Fig. 6 on the (x,y) plane (left), (x,z) plane (middle), and (y,z) plane (right). The
contours line are red (blue) where the recovered density is larger (smaller) than the true.
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Figure 8. Jaffe models stratified on deformed ellipsoids (29) projected along the minor axis: model ELLIP with ξ = 0 (Fig. 8a), model
BOXY with ξ =−0.5 (Fig. 8b) and model DISCY with ξ = 0.3 (Fig. 8c).
stratified on shells of the form:
m2−ξ(x) = x2−ξ(x)+
[
y
p(x)
]2−ξ(x)
+
[
z
q(x)
]2−ξ(x)
. (29)
ξ = 0 obtains perfect ellipsoids, while ξ > 0 and ξ < 0 give
discy and boxy deformations, respectively. Fig. 8 shows ex-
amples of Jaffe models with different values of ξ: the ξ = 0
ELLIP case (left) described in the last section, the model
BOXY with ξ =−0.5 (middle), and the model discy (right)
with ξ = 0.3.
The algorithm makes random changes to the function
values ρ(mi), p(mi), q(mi), and ξ(mi) on the radial grid mi
introduced in Section 3.1, and then uses linear interpolation
(and extrapolation) in logr along each of the grid directions
( j, k) to update the density values on the three-dimensional
grid. Changes that result in an intersection of density shells
(29) for any of the grid directions are rejected.
The initialization follows closely Section 2.2 of M99: the
SB is placed onto an elliptical polar grid and the initial guess
for the intrinsic density is found by fitting an ellipsoidal
double-power-law model (16) via the Levenberg-Marquardt
algorithm with the axis ratios fixed to those of the grid (p=
P, q=Q).
Then, for each Metropolis iteration the code randomly
Table 1. The correspondence between p and q values and posi-
tion of the principal axes of a galaxy according to the convention
used in our model.
p and q values Major Intermediate Minor
q < p < 1 x y z
p < q < 1 x z y
q < 1< p y x z
1< q < p y z x
p < 1< q z x y
1< p < q z y x
chooses one of R = logρ, p, q or ξ as the variable X to change
and applies a random change to one of its elements picked
at random. As in M99, the change is made by setting Xl←
Xl+r∆Xl , where r ∈ [−1,1] is a uniformly distributed random
number, while the ∆ arrays determine the maximum possible
change. Initially, we set ∆R = 0.5, ∆ξ = 0.1 and ∆p=∆q= 0.05
for all l, but multiply (divide) an element by 1.5 after a
change that was rejected (accepted).
Since the density contours are constrained to be de-
formed ellipsoids, the smoothness penalty function (14) is
better expressed directly in terms of the four functions ac-
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tually fitted. Therefore, we replace (14) with
Psm =
C
λρ
∑
l
[Rl+1−2Rl +Rl−1
∆ logm
]2
+
C
λp
∑
l
[
pl+1−2pl + pl−1
∆ logm
]2
+
C
λq
∑
l
[
ql+1−2ql +ql−1
∆ logm
]2
+
C
λξ
∑
l
[
ξl+1−2ξl +ξl−1
∆ logm
]2
,
(30)
where typically λρ ∼ 10λξ ∼ 100λp,q , when the four terms
in (30) are of comparable magnitude.
Since we cannot know which of the principal axes is ma-
jor, minor or intermediate at any distance from the centre,
we do not constrain the values of p and q a priori. Crossing p
and q profiles result in changes of the relative axis ranking,
summarized in Table 1. As discussed in Section 3.2.1, some p
and q profiles generate strong twists when re-projected and
can be discarded a posteriori as unlikely.
5 TESTS OF THE ELLIPSOIDAL ISODENSITY
ASSUMPTION FOR MASSIVE
ELLIPTICALS
In this section we argue that the deformed-ellipsoidal model
described in the previous section when projected on the
sky is able to match reasonably well the general properties
of massive ellipticals (see e.g. Foster et al. 2017; Goullaud
et al. 2018; Kluge et al. 2020). Such galaxies have ellipticity
distributed in the range [0, 0.5] (unless sub-structures are
present), tend to have slight boxy biases (−1.5 . a4 . 0) and
not very large twists (τ . 10◦). All these observables depend
on the viewing angles θ and φ and on the p, q profiles (see
e.g. equation 7-8 of Cappellari 2002), but not on ψ, since a
rotation around the LOS rotates all isophotes by the same
amount. Then, building on the result discussed in Section 4.1
about the uniqueness of density deprojections stratified on
ellipsoids, we will verify the performances of our numerical
algorithm.
5.1 The range of isophote shapes of triaxial
elliptical galaxies
5.1.1 Reproducing real massive ellipticals
We consider the model BOXY, similar to ELLIP described
in Fig. 3, but with ξ =−0.5, in order to reproduce the boxy
bias observed in most massive ellipticals. We map the twist
τ, the mean ellipticity 〈ε〉 and the mean a4 as functions of
θ and φ (and assuming ψ = 45◦). The results are shown in
Fig. 9. For most of the angles θ and φ, the twist τ (Fig. 9a) is
smaller than 5◦; larger values are obtained when observing
the model between the intrinsic long and the intrinsic short
axes. At these viewing directions, the compression of the
short axis relative to the intermediate axes near the centre
tends to elongate the isophotes along the projected direc-
tion of the (“longer”) intermediate axis. The compression of
the short axis relative to the long axis in the outer parts
likewise tends to elongate the isophotes, again along the di-
rection of the “longer” axis. However, this time, the “longer”
axis is the intrinsic long axis and therefore points to different
projected direction. This gives rise to isophote twists, which
depend on the exact profiles of p(r) and q(r). As pointed out
in Section 3.2.1, the ones of the ELLIP model are not neces-
sarily representative of bright ellipticals, but illustrative of
how twists can be generated. Moreover, their mean values
match the observed ones reasonably well: the mean ellip-
ticity (Fig. 9b) is indeed in the range 0-0.5 and is roughly
anti-correlated with the twist, being lower when the twist is
higher. As expected, it reaches the highest values for high
θ and φ, thus close to projections along the intermediate
axis. Finally, the mean a4 (Fig. 9c) spans the range −2.5-
0.1, which is what we expected given the ξ profile we have
chosen.
As a final check, in Fig. 10 we show the analogous of
Fig. 5 for the model considered here: similarly to what ob-
served by e.g. Bender et al. (1988, 1989); Foster et al. (2017)
for real bright ellipticals, Fig. 10 shows that the strongest
twist happens where the isophotes are rounder and that the
mean a4 becomes more negative (i.e., the isophothes are box-
ier) as the isophotes become more flattened. Differently from
what discussed in Fig. 5, here we do not find any viewing
directions yielding strongly discy isophotes.
5.1.2 A case with strong twist
Strong twists can be obtained when the orientation of the in-
trinsic long axis changes with radius. Fig. 11 shows the map-
ping of τ for model PQCROSS : this is similar to model EL-
LIP, but with p decreasing linearly with log(r) from 1.3 to 0.6
and q increasing linearly in log(r) from 0.6 to 1.3. In this case
the intrinsic long axis of the model is along the y-direction
in the inner regions, but along the z-direction at large radii;
the model is near-spherical in the transition region. Since
the orientation of the long and short axes changes with ra-
dius, there is now more than one region in the viewing-angle
plane, where twists can occur.
The comparison of Figs. 9a and 11 illustrates how the
expected occurance rate of isophote twists is closely related
to the direction stability of the long and short axes in triaxial
galaxies. The above examples suggest that if the orientation
of the intrinsic long axes would change with radius in many
real massive galaxies, then we should observe strong isophote
twists very often. While such strong twists indeed exist in
individual galaxies (e.g. Mazzalay et al. 2016), they are not
characteristic for massive elliptical galaxies as a class (Kluge
et al. 2020; Ma et al. 2014; Goullaud et al. 2018). Thus, in
the following we will often restrict the analysis to the case of
p(r)> q(r). However, our code can also deproject without this
condition, to cover individual galaxies where strong twists
may be real.
In summary, an ellipsoidal density distribution with
generically q(r) < p(r) as just described qualitatively repro-
duces the observed properties of massive elliptical galaxies
for any random projection angles.
5.1.3 Hidden discs
In the axisymmetric case, much of the deprojection degen-
eracy can be traced back to disc-like conus densities, which
become quickly unidentifiable when the inclination is far
enough from edge-on. Lower-luminosity elliptical galaxies
often show discy isophotal distortions and are intrinsically
flattened strong rotators; for this class of objects consider-
ation of embedded axisymmetric discs is indeed important.
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Table 2. The models considered in this study and the figures where they feature.
Name Property Figures
ELLIP Jaffe with ξ = 0 3, 8 (left), 12, 13, 18
DISCY Jaffe with ξ = 0.3 8 (middle)
BOXY Jaffe with ξ =−0.5 8 (right), 9,10
DISCYBOXY Jaffe with ξ from 0.3 to -0.5 12, 13, 14, 15, 19, 21
PQCROSS Jaffe with ξ = 0 and p & q profiles crossing 11
NBODY N-body model 17, 20
LARGEDISC 50% Jaffe with ξ = 0 plus 50% disc (equation B1) A3, B3
SMALLDISC 85% Jaffe with ξ = 0 plus 15% disc (equation B1) A3, B2, B1
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Figure 9. Maps of the twist angle τ, of the mean ellipticity 〈ε〉 and of the Fourier coefficient a4 as a function of the projection angles
θ and φ for model BOXY described in Section 3.2.1, which has ξ =−0.5 (equation 29). In (a) contours are drawn for twists of 5◦, 10◦,
and 20◦. For octants not shown (90◦ < θ < 180◦ and 90◦ < φ < 360◦) the results are identical by triaxial symmetry.
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Figure 10. Same as Fig. 5 for model BOXY. No particularly discy projections are present and the distributions are qualitative consistent
with what observed for massive ellipticals Bender et al. (1988, 1989).
But for massive ellipticals, less flattened and mainly boxy
objects, discs are either not present or contribute very little
to the total density and therefore in the following we will
ignore them. We discuss the effects of the superposition of
an axisymmetric disc and a triaxial spheroidal body in Ap-
pendix B. There we also show that the presence of important
discs also tends to produce strong isophote twists that are
not observed in most massive ellipticals, as discussed above.
5.2 Testing deprojections with constrained shapes
We consider the ELLIP Jaffe model described in Sec-
tion 3.2.1 with ξ = 0 and the DISCYBOXY model, where
ξ decreases linearly log(r) from 0.3 to −0.5, i.e. discy in
the innermost regions and boxy outside, and project them
along the direction θ = φ = ψ = 45◦. Fig. 12 shows their sur-
face brightness contours, and Fig. 13 their ellipticity, PA
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Figure 11. Map of the twist angle τ for model PQCROSS (see
Section 5.1.2).
and a4 profiles. First, we provide the code with the correct
viewing angles, p, q and ξ profiles and let it search for the
density profile. Secondly, we let the code also search for p, q
non-parametrically, starting from an initial guess of p= q= 1
across the whole grid. Finally, we let the code recover also
the ξ profile for DISCYBOXY
We show in Fig. 14 the results of the deprojection for
this last case, i.e. when all parameters need to be recov-
ered. In the top panel, the three lines are the percentage
differences between the true model and what the code re-
constructs, computed along the principal axes. Also shown
are the true p, q and ξ profiles superimposed with the recon-
structed ones. Finally, in the bottom panel we show that the
fit to observed SB is excellent. In all cases, the density is re-
covered well, within an accuracy of 1%, out to the maximum
radius sampled by the SB and down to a radius of the order
of the resolution of the grid. For the very innermost and out-
ermost points, all profiles start to deviate significantly from
the true shapes. This is mostly due to the extrapolation to
large radii: we have repeated the test highlighted in Fig. 14
stopping the radial grid first at 20 kpc and then extending
it out to 80 kpc. In Fig. 15 we superimpose these results to
those obtained for the grid extended out to 30 kpc, showing
that the point at which the radial profiles start becoming
unreliable also decreases. The last inner reliable point is set
by a combination of radial extent and resolution of the grid.
We will discuss it in detail in a future paper in combination
with the PSF convolution.
Finally, provided that many ellipticals have cores, we
also tested our algorithm with a Hernquist (1990) model
(equation 16 with α= 1 and β= 4) using the same parameters
as above but with α = 1 (see Section 3.2.1). We show in
Fig. 16 that we do not find significant differences with the
results presented above.
These findings go even beyond what stated in Section 4,
namely that the density can be uniquely recovered if it is
stratified on perfect ellipsoids and we know the viewing an-
gles. Here we achieve a very good recovery also when the den-
sity is stratified on deformed ellipsoids (29). This is not fully
surprising, since the information available on the 4 planes
in Fourier space discussed in Section 2 should be more than
enough to constrain the four one-dimensional functions used
in our procedure (assuming that the LOS is not parallel to
a principal axes).
6 RECONSTRUCTION OF VIEWING ANGLES
The projection geometry of a galaxy is, of course unknown.
In the axisymmetric case, it is completely described by the
inclination angle i between the minor axis and the LOS,
while in the triaxal case we need three angles, two (θ, φ)
to specify the LOS direction and another one (ψ) to give a
rotation around the LOS. However, it is unlikely that a given
SB profile can be deprojected for every viewing geometry,
which is something the fully non-parametric code is able to
do by producing possibly unphysical densities. For example,
only for a restricted set of viewing angle we can find an MGE
(Cappellari 2002) deprojection.
Here, we want to explore how significantly the range
of allowed viewing angles can be narrowed using our
constrained-shape deprojection approach. To this end we de-
projected three different models for several wrong viewing
angles and study the effects of such incorrect projection ge-
ometries. The models we consider are as follows.
• The ellipsoidal Jaffe model ELLIP (Figs. 12a & 13);
• The DISCYBOXY Jaffe model (discy in the centre,
boxy towards the outer regions, see Figs. 12b, 12c & 13).
The comparison between ELLIP and DISCYBOXY enables
us to study the effects of deviations from perfect ellipticity;
• Finally, we consider a more realistic case, allowing us
to study the effects of noise. To this end, we use an N-body
model drawn from simulations of Rantala et al. (2018, 2019),
which has an effective radius of 7 kpc and an assumed dis-
tance of 20 Mpc (model NBODY ). Its projections are de-
scribed in Neureiter et al., submitted to MNRAS, where it
is used to test our newly developed triaxial Schwarzschild
code. The semi-major axis of the innermost isophote is 0.5”
(∼ 0.05kpc), while the outermost radius is 100 kpc. The grids
onto which we place the SB and the intrinsic density have the
same dimensions as those used for the Jaffe model. This gives
a step of ∼ 0.18logkpc for the SB grid and of ∼ 0.12logkpc
for the ρ grid. The SB grid has been chosen to be circular,
while for the ρ grid we have taken flattenings of P = 0.8 &
Q = 0.7.
In all three cases, we project the true ρ using θ = φ=ψ =
45◦. We first assume we knew the correct value of the angle
ψ and then consider two different wrong values of ψ = 30◦
and ψ = 60◦. For each one of these cases, we deproject the
models on a grid of θ, φ values linearly spaced from 0◦ to
90◦ with step of 5◦. The code is free to search for the best-
fitting p, q and ξ profiles. The RMS we obtain for ELLIP and
DISCYBOXY at the correct viewing angles is about 0.03%
in SB, 0.4% (for ELLIP) and 0.6% (for DISCYBOXY ) in
ρ. For NBODY, where noise is present, the RMS in SB is of
the order of 0.8% while for ρ we get ∼14.4%. In this case,
the RMS value is mostly driven by the noise rather than by
poor extrapolation.
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Figure 12. Contours of the projected SB (using θ = φ =ψ = 45◦) of ELLIP (left panel) and DISCYBOXY (middle and right panels).
DISCYBOXY has discy isophotes near the centre and boxy ones in the outer regions. The contour are colour reflects the SB value.
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Figure 13. Radial profiles of the ellipticity ε (upper panel), PA
(middle panel) and a4 coefficient (lower panel) for ELLIP (blue
line) and DISCYBOXY (orange line) projected using θ =φ =ψ =
45◦. As expected, the ellipticity and PA profiles are identical while
the DISCYBOXY model has discy isophotes (a4 > 0) in the cen-
tral regions and boxy ones (a4 < 0) in the outer parts.
6.1 A recipe to compare deprojections obtained
with different assumed viewing angles
Reconstructed densities that fit well the given SB for a given
choice of viewing angles could generate unrealistic SB pro-
files when projected to different viewing angles. In the fol-
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Figure 14. From top to bottom: relative difference between the
true (blue) and the recovered (orange) intrinsic density along the
principal axes x, y, z of model DISCYBOXY using the con-
strained shape deprojection algorithm; recovered p, q, and ξ pro-
files superimposed to the true ones ; percentage difference between
the true and the recovered SB along the principal axes.
lowing we adopt some criteria to find and eliminate these
cases. These criteria incorporate observations of massive el-
liptical galaxies as a class, e.g. their observed ellipticity dis-
tributions, frequency and strength of isophote twists etc. in
a qualitative way. We plan a more statistical analysis of this
in a separate paper (de Nicola et al., in prep.). Depending on
the class of galaxies considered, other criteria might be more
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Figure 15. Recovery of p, q, and ξ profiles for model DISCY-
BOXY by assuming three ρ grids of different extension using the
constrained shape deprojection algorithm. The more extended the
grid, the farther out our code is able to recover the true profiles.
useful. However, here we treat our mock SB data as if they
were massive ellipticals to illustrate how well the viewing
angles of these galaxies can be constrained photometrically.
Our main criterion to compare different deprojections is
their relative likelihood, or the goodness of fit, respectively.
We discard all those deprojections which have an RMS
(in SB) larger than 0.1% for the Jaffe models ELLIP and
DISCYBOXY and than 1% for NBODY. These values
have been selected by checking the RMS (in SB) that we
obtained when deprojecting the SB profiles for the true
viewing angles (∼0.03% for ELLIP and DISCYBOXY and
∼0.8% for NBODY ). The 1% threshold we use for NBODY
is what we are likely to be using for real galaxies too.
Even those viewing directions that give an excellent fit
to the observed SB can be ruled out if they happen to show
p and q profiles which are not smooth, or have values which
are either too low (6 0.2) or too high (> 5) with respect
to the observed ellipticity distribution of elliptical galaxies.
Finally, p and q profiles with interchanging principal axes
are unlikely, since this would produce frequent and strong
isophote twists (Fig. 11), which are not observed often in
massive ellipticals (Goullaud et al. 2018). This means that
we would accept a p or q profile which is always above unity
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Figure 16. Same as Fig. 14 but using a Hernquist model which
is less cuspy than the Jaffe model. Here too, the code fits both
the intrinsic density and the projected SB very well.
but we would discard it in case it was above unity for some
radii and below it for others6.
Finally, we re-project the remaining densities along the
principal axes and check the isophotal shapes, which is
a technique already used in the axisymmetric case (e.g.
Thomas et al. 2005). In fact, a plausible density for a giant
elliptical galaxy is not expected to have too high (or too low)
higher-order Fourier coefficients (−56 a46 0.2), too high el-
lipticity (> 0.6) or too severe twists (6 40◦). Examples of the
second and third criteria are given in Fig. 17.
6.2 Results
In order to assess the results derived in the previous sec-
tion, we plot in Figs. 18, 19, and 20 the RMS errors (both
in SB and in ρ and scaled to the RMS for the correct view-
ing angles) as a function of (θ, φ) for the models ELLIP,
DISCYBOXY, and NBODY, respectively. In the top pan-
els ψ = 45◦ (correct value), while the middle and the lower
panels are for ψ = 30◦ and ψ = 60◦ respectively. In all these
plots, a cross shows the correct (θ, φ) and a block dot those
corresponding to the minimum RMS. On the ρ plots (right
panels), we also show as dashed curve the contour delimit-
ing the area inside which the RMS in SB is within twice the
6 These conditions can either be verified a posteriori or a pri-
ori by imposing constraints on p and q, both of which our code
allows.
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Figure 17. Discarding NBODY deprojections at wrong viewing angles.Left: p and q profiles, obtained for viewing angles θ = 40◦,
φ = 50◦, and ψ = 45◦. We formally discard this deprojection, because the profiles cross over. Right: Isophote shape analysis as a function
of semi-major axis for the re-projection along the y-axis (orange) of the density obtained by deprojecting at θ = 30◦, φ = 60◦, and ψ = 45◦.
We discard this deprojection because of the unphysical jumps in the PA of the y-axis re-projection.
value for the correct viewing angles. White quadratic holes
are regions omitted because of implausible p or q profiles or
re-projections.
The main conclusions we can draw from these figures
are as follows.
(i) Regardless of the value of ψ, there are wrong viewing
angles (θ, φ) for which the code can find a fit to the SB
even slightly better than that at the true viewing angles.
This does not happen for model DISCYBOXY, for which
no solutions at wrong viewing angles are found, suggesting
that the introduction of a variable ξ profile shrinks the region
of acceptable deprojections. Larger acceptable regions are
found for model NBODY (Fig. 20), where noise is present.
(ii) For ELLIP and DISCYBOXY the RMS differences
for both SB and ρ between the true and wrong viewing an-
gles can be as high as three orders of magnitude (Figs. 18 &
19), but the noisy model NBODY allows only for a one order
of magnitude range in RMS (Fig. 20). Furthermore, model
NBODY, because of its noise, is the only one for which the
viewing angles that give the best RMS in ρ are different
from the true ones. However, these solutions have intersect-
ing noisy p and q profiles, that according to our selection
rules would be excluded (see Fig. 17).
(iii) For ELLIP and NBODY, not only we find wrong
intrinsic densities that project to a very good fit to the ob-
served SB (as it happens in the non-parametric case), but
also intrinsic densities with low RMS’s which do not project
to an acceptable fit to the observed SB profile.
(iv) If ψ is wrong, then the (θ, φ) pair that give the best
RMS in SB is far off the true one. Moreover, the correct
(θ, φ) pair combined with the wrong ψ can result in an RMS
an order of magnitude larger than for the correct projection.
Since the observed ellipticity and twist of a given model de-
pend both on (θ, φ) and the p, q profiles, it is not immediately
clear whether a set of wrong viewing angles cannot deliver a
good solution, as the case discussed above for the two values
of ψ shows. In Fig. 11 we have already seen that intersecting
p and q profiles help in generating large observed twists.
(v) The conditions we apply to the p, q profiles and the
re-projections along the principal axes shrink the allowed
range of viewing angles much more strongly for NBODY
than for models ELLIP and DISCYBOXY. The presence of
noise allows to generate deprojected intrinsic densities that
are ’stranger’ and therefore more easily eliminated than in a
noise-free case. Since the SB profile of an ordinary massive
elliptical are not as noisy as our NBODY, more deprojections
are likely to survive these conditions when dealing with real
galaxies.
We have shown in a qualitative manner that the statis-
tical photometric properties of massive ellipticals (observed
ellipticities, isophotal distortions and isophote twists) can be
modelled with deformed ellipsoidal intrinsic density distri-
butions. As long as the assumption of deformed-ellipsoidal
density distributions holds, the range of possible deprojec-
tions shrinks considerably. In fact, since the deprojection
becomes formally unique, comparing the fit quality of dif-
ferent deprojections at different assumed viewing angles can
be used to narrow down the possible LOS of a massive galaxy
just from photometric data. We plan to study in detail the
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Figure 18. Logarithmic RMS errors in SB (left) and ρ (right) for model ELLIP scaled to those obtained when deprojecting at the
correct viewing angles (θ = φ =ψ = 45◦), obtained for constrained-shape deprojections at different assumed (wrong) viewing angles. The
dashed contours on the right delimits the area inside which the RMS in SB is within twice the values for the correct viewing angles. The
cross labels the correct (θ, φ), while the black dot is at the minimum RMS. Empty (white) squares depict regions discarded because of
crossing p and q profiles.
intrinsic shape distribution of massive galaxies in a separate
paper.
7 COMPARISON WITH THE MGE
APPROACH
The Multi-Gaussian Expansion (Cappellari 2002; van den
Bosch et al. 2008) is a fast tool to deproject a SB profile,
directly from a FITS file, assuming both the SB and the
density profiles can be approximated as a sum of Gaussians.
This analytic approach produces a fit that can be reduced
to a small set of numbers, yields smooth solutions, is fast, is
bound to deliver reasonable re-projected SB whatever view-
ing angles are considered, and delivers a unique deprojection
for a set of allowed viewing angles. However, this set can be
empty if the gaussians required to get a good fit span a large
range of twists or have very low flattenings. Therefore, here
we first apply it to the models considered in the previous
sections without the additional flat components discussed in
Appendix B to assess its performances in terms of quality
of the reproduced density and set of allowed viewing angles.
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Figure 19. Same as Fig. 18 but for model DISCYBOXY. We do not plot the white squares since in this case we do not need them to
constrain the viewing direction.
Then, we compare its results with those obtained by our
code for a real galaxy.
7.1 MGE performance on the Jaffe model
We make sure that our coordinate system on the plane of
the sky is consistent with what the MGE assumes, namely
that the major axis of the innermost Gaussian component is
aligned with the x′-axis. Since the twist of our Jaffe model
is nearly zero in the innermost regions (see Fig. 9a), we can
assume that aligning the innermost isophote with the x′-
axis is to a very good approximation the same as aligning
the innermost Gaussian of the MGE fit. This is achieved by
rotating our isophotes clockwise by the PA of the innermost
isophote (∼ 78◦) and adding this value to the ψ = 45◦ we used
above, giving a new ψMGE = 123◦.
We project the density of the DISCYBOXY model with
viewing angles (θ = 45◦, φ = 45◦,ψMGE = 123◦) and generate
the galaxy image in FITS format as an input to the code
of Michele Cappellari7 to produce the MGE fit. The proce-
dure fits the image with a combination of N = 8 Gaussians
which we report in Table 3. We tested several fits, each time
7 http://www-astro.physics.ox.ac.uk/∼mxc/software/
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Figure 20. Same as Figs. 18 & 19 but for model NBODY.
by imposing different constraints on the flattenings q′j and
the twist ∆ψj , allowing for up to 30 Gaussians in the fit.
The constraints are needed because by letting the code run
unconstrained we obtained a solution for which no possible
viewing angles are found; we ended up using q′j ∈ [0.2,1] and
∆ψj ∈ [−5,5]◦. The RMS between the MGE SB and that we
have on our grid (10) is 4.9%. We then compute the intrin-
sic densities corresponding to the allowed viewing angles (see
Section 4.1 and equations (7-8) of Cappellari 2002). Clearly,
while our code can produce a deprojection for each possi-
ble set of viewing angles, this is not possible for the MGE.
Thus, to construct analogs of Fig. 18 we have isolated all so-
lutions which have the true ψ = 123◦ (Fig. 22b), then those
at ψ = 108◦ (Fig. 22a) and finally those at ψ = 138◦ (Fig. 22c)
and plot the RMS with respect to the true intrinsic density.
The meaning of the black cross and dot are the same as in
Fig. 18. The most significant findings are as follows.
• The quality of the MGE fit is poorer than the one
achieved with the constrained-shape algorithm, delivering
an RMS in SB of nearly 5%. This is not surprising, since a
superposition of a series of densities localized in shells pro-
vides much more flexibility than a set of Gaussians.
• An MGE deprojection for the true viewing angles is
possible.
• Of all possible MGE deprojections, the one that gives
the best RMS in ρ (∼ 18%) is obtained for viewing angles of
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Table 3. MGE fit to the Jaffe model detailed in this section.
Luminosities are in counts/pixel/108, σ’s in pixels and position
angles (PA) in degrees. From these values one can compute the
SB profile using equation (1) of Cappellari (2002).
L σ qs PA
1.80751 11.7388 0.72202 0.171955
1.11501 11.9416 0.485346 -1.85816
3.29186 23.4278 0.626633 -1.0591
2.82643 37.5102 0.630021 -0.217961
3.43627 54.6153 0.629184 -1.75377
4.63525 90.624 0.632035 0.102047
2.874 147.446 0.705932 -5
3.04795 210.449 0.59828 2.22027
6.79399 404.492 0.817577 -0.29154
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Figure 21. Comparison of the reconstructed intrinsic density of
DISCYBOXY between our code (top) and MGE (bottom) on the
three principal axes. For both cases, we took the deprojection at
the viewing angles giving the best RMS in ρ, even though these
are not exactly the true ones.
θ = 49◦, φ= 44◦, ψ = 119◦, different from the true values by a
few degrees.
• The RMS in ρ yielded by the constrained-shape algo-
rithm is significantly smaller (0.7%) than the one achievable
with the MGE approach, even omitting the last 10 radial
points, where the Gaussians have a sharp cut-off (see also
Fig. 21).
Table 4. Highest ellipticity ε and ranges for a4 and a6 found
when re-projecting the intrinsic densities obtained for NGC 5831
along 60 random directions. No unphysical or unusual values for
these coefficients are found.
ψ ε a4 a6
30◦ 0.496 [−0.51, 1.43] [−0.09, 0.78]
40◦ 0.512 [−0.78, 2.06] [−0.32, 1.12]
50◦ 0.478 [−0.23, 1.65] [−0.05, 0.91]
7.2 Comparison using a real galaxy
It is now interesting to compare our code with MGE for
a real galaxy, which can neither be described exactly by a
sum of Gaussians nor has the form of eq. 29. We focus on
the elliptical galaxy NGC5831, which has a ∼ 35◦ isophote
twist and is also used by Cappellari (2002) as an example
for the performance of MGE in presence of isophote twist.
The released MGE Python code fits the photometry with a
sum of 11 Gaussians yielding an RMS of 4.7%; Cappellari
(2002) quotes an even better RMS of 1.2%, that we adopt
as a benchmark.
We computed all the (θ, φ, ψ) values compatible with
the MGE fit, obtaining θ ∈ [55,85]◦, φ ∈ [5,25]◦, ψ ∈ [106,114]◦.
Then, we used our near-ellipsoidal algorithm to deproject
the surface density of the galaxy considering θ and ψ in the
interval allowed by the MGE fit with a step of 5◦. Since the
definition of ψ adopted in the MGE formalism differs from
ours (see Section 7.1), we sampled ψ ∈ [10,180]◦ with a step
of 10◦.
In Fig. 23, we plot the RMS error of the surface density
as function of θ and φ for ψ = 30◦, 40◦ and 50◦. In all three
cases, we find viewing directions at which we can
fit the surface brightness better than the MGE. In
particular, for all three ψ values we find deprojections with
RMS< 1%, with the ψ = 40◦ case having ∼ 70% SBs below
this threshold.
As outlined in Sec. 6.1, we reprojected the resulting
intrinsic densities for 60 random viewing angles to ensure
that the isophotes look reasonable. We show in Tab. 4 the
largest ellipticity ε and the maximum/minimum a4/a6
values we found among all densities for a certain ψ. Here
we do not apply any requirements on the twist angle τ
since differently from most massive ellipticals this galaxy
does have a strong twist in the outer regions. We see that
the isophotes are never particularly flat and do not show
anomalous a4 or a6 values. It is interesting to note that we
do not find any re-projection yielding significantly boxy
isophotes.
The main conclusion is that, although the MGE natu-
rally rules out unsmooth densities and is fast, it might bias
the region of allowed angles θ, φ, ψ and deliver an SB fit
and reconstructed density of relatively poor quality. We will
investigate the impact of these shortcomings on dynamical
modelling in a future paper.
8 CONCLUSIONS
We present two novel approaches to deproject elliptical
galaxies under the assumption of triaxiality, the first fully
MNRAS 000, 1–25 (2020)
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Figure 22. RMS between the true intrinsic density and that recovered by the MGE for the true value of ψ = 123◦ (middle) and for two
wrong values of ψ = 108◦ (left) and ψ = 138◦ (right) as a function of all possible θ, φ values compatible with this particular ψ. The cross
and the black dot indicate the true (θ, φ) viewing angles and those at which the MGE deprojections give the least RMS, respectively.
0.007
0.014
0.021
0.028
0.035
0.042
50 60 70 80 90
0
10
20
30
l
 
MG
E 
l Min RMS:  0.007
θ
φ
(a) ψ = 30◦.
0.007
0.017
0.027
0.037
0.046
0.056
50 60 70 80 90
0
10
20
30
l
 
M
GE
  MGE 
l Min RMS:  0.007
θ
φ
(b) ψ = 40◦.
0.008
0.021
0.033
0.046
0.059
0.071
50 60 70 80 90
0
10
20
30
l M
G
E 
l Min RMS:  0.008
θ
φ
(c) ψ = 50◦.
Figure 23. RMS between the true SB and that reconstructed by our code for the elliptical galaxy NGC 5831 for ψ = 30◦, 40◦, and 50◦ as
indicated. We sampled θ, φ in the intervals where the MGE method allows for a solution. The black dots indicate the respective (θ, φ)
with the smallest RMS. The black contours bracket the regions where RMS 〈1.2%.
non-parametric, the second stratified on deformed ellipsoidal
shells. Both are able to deal with isophotal twist and can de-
project systems that have the principal axes interchanging
between them as a function of the distance from the centre.
The full non-parametric code can be used to explore
a range of possible deprojections going beyond those al-
lowed by current state-of-art algorithms, but at present does
not allow for any control of the shape of the density. Our
constrained-shape approach, on the other hand, allows for
penalization towards discy/boxy shapes and controls the
smoothness of the density along the major axis and of the
density contours. Tests performed with benchmark Jaffe and
Hernquist models of varying axis ratios and shape biases
show that the intrinsic density can be recovered very well
when the viewing angles are known and far enough from
the principal axes, much better than what can be achieved
with a Multiple Gaussian Expansion. When dealing with a
noisy system such as an N-body simulation, the SB can be
fitted with an RMS ∼ 1%, delivering a reconstructed density
precise to 20%, when the viewing angles are known.
We are able to constrain the possible range of viewing
angles by mapping the RMS of the fitted SB as a function of
(θ, φ, ψ) and eliminating unphysical reconstructed densities,
by examining their re-projected SB. This reduces the num-
ber of densities to be tested dynamically, which will be the
subject of a forthcoming paper, towards the deprojections
and dynamical modelling of real galaxies.
In this process we might discover that a number of
galaxies appear similar to the LARGEDISC discussed in
Appendix B, where a massive disc component is present to-
gether with a triaxial bulge. For unfavourable viewing an-
gles this component is invisible in projection. In Appendix
A we discuss a number of analytic descriptions of these pos-
sible cloaked densities, the triaxial extension of axisymmet-
ric conus densities. In Appendix B we show how one can
flag these cases. We explore how well we can deproject tri-
axial bodies where flattened axisymmetric components are
present. We find that the constrained-shape approach per-
forms well if these (disc like) components do not exceed 15%
of the total light. We develop a deformed-ellipsoidal shape
plus axisymmetric component algorithm that is able to re-
construct well systems with nearly edge-on (≈ 80◦) discs,
or flag the possible presence of important (i.e. contributing
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≈ 50% of the total light) disc components at unfavourable
angles (6 45◦).
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APPENDIX A: CONSTRUCTING CLOAKED
DENSITIES
We are now considering various ways to construct analytical
models that project to nothing. Such cloaked densities can
be added or subtracted to any model without changing its
projection but potentially with drastic changes to its spatial
shape.
A1 Cloaked densities via differentiation
We are after triaxial functions whose Fourier transform van-
ishes on the four planes `i · k = 0. A simple such function
is
(`1 · k)(`2 · k)(`3 · k)(`4 · k)
= (`x kx)4+ (`yky)4+ (`z kz )4−2(`x kx)2(`yky)2
−2(`x kx)2(`z kz )2−2(`yky)2(`z kz )2, (A1)
which is positive in each of the funnels around one funda-
mental axis and negative in the three-sided funnels in the
middle of each octant (see Fig. 1). If we multiply the Fourier
transform fˆ (k) of some triaxial function f (r) with (A1), the
corresponding density
ρ0(r) ≡ (`1 ·∇)(`2 ·∇)(`3 ·∇)(`4 ·∇) f (r) (A2)
is invisible when seen along any of the four LOS `i – this
is also obvious by doing the projection via integration by
parts. Defining R = (X,Y, Z)t ≡ (x/`x, y/`y, z/`z )t , this can be
expressed as
ρ0(r)=
[
∂4X +∂
4
Y +∂
4
Z −2∂2X∂2Y −2∂2X∂2Z −2∂2Y∂2Z
]
f (r). (A3)
Applying this procedure to a spherical Gaussian f (r) =
G(r) ≡ exp(− 12 r2), we find ρ0 = h(r)G(r) with
h(r) = `4x(x4−6x2+3)+`4y(y4−6y2+3)+`4z (z4−6z2+3)
−2`2x`2y(x2−1)(y2−1)−2`2x`2z (x2−1)(z2−1)
−2`2y`2z (y2−1)(z2−1). (A4)
This function itself is not bounded from below, i.e. ap-
proaches −∞ in certain directions. This means that [1 +
h(r)]G(r) is not a physical model, but h(r)G(r) is, of course,
bounded and can be added to another model such that the
total is still non-negative.
When applying the recipe to a triaxial Gaussian G(r)=
exp(− 12 r t ·C−1 · r), then we again obtain ρ0 = h(r)G(r) with
h(r) as given in equation (A4) after the replacements `→
C−1/2 · ` and r→C−1/2 · r .
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Table A1. Functions used by ellipsoidal cloaked densities. Analytical 3D spherical distributions ϕ(r), normalised to ϕ(0)= 1, with
Fourier transform ϕˆ(k) that vanishes for k> 1. Functions with ∀r :ϕ(r)> 0 have 3D Wendland (1995, 2005) functions as Fourier transform.
σ2
k
is the 1D variance of ϕˆ(k) and determines the width of ϕ since ϕ(r→ 0)= 1− 12σ2kr2+O(r4).
ϕˆ(k < 1)/ϕˆ(0) ϕ(r) σ2
k
ϕ > 0
1 3r−2 [sincr −cosr] 15 ≈ 0.2 no
1−k 12r−4 [2−2cosr −r sinr] 215 ≈ 0.1333 no
(1−k)2 60r−4 [2+cosr −3sincr] 221 ≈ 0.0952 yes
(1−k)3(1+3k) 630r−7 [r(8+7cosr)+ (r2−15)sinr ] 112 ≈ 0.0833 no
(1−k)4(1+4k) 5040r−8 [9r sinr + (24−r2)cosr +4r2−24] 115 ≈ 0.0667 yes
1
2 (1+coskpi) 3pi
2
pi2−6
[
r−2(sincr −cosr)− 1
pi2−r2
(
pi2+r2
pi2−r2 sincr +cosr
)]
pi4−20pi2+120
5pi2(pi2−6) ≈ 0.1048 no
Figure A1. Plots of the six functions ϕ of Table A1 (red); the horizontal line shows the zero level) and the corresponding ρ0x for s = 1
(black, see equation A9).
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Another option is to pick f (r)= F(|R |). Then
ρ0(R)= 3 F
′
R3
−3F
′′
R2
+2
F ′′′
R
+Q(R)
(
−15 F
′
R3
+15
F ′′
R2
−6F
′′′
R
+F ′′′′
)
, (A5)
where
Q(R) ≡ R−4
[
X4+Y4+Z4−2X2Y2−2X2Z2−2Y2Z2
]
, (A6)
which is maximal at Q = 1 on the axes, minimal at Q =−1/3
at X2 =Y2 = Z2, and vanishes for X±Y±Z = 0 (with both signs
independent), corresponding to x/`x ± y/`y ± z/`z = 0, which
holds on four planes, which in a sense are the reciprocal
planes to those in k space where ρˆ= 0.
A2 Cloaked densities via Fourier transform of
compact functions
When constructing a cloaked density via differentiation as
in the previous sub-section, one has little control over the
resulting shape. Here, we consider methods to construct
cloaked densities with certain properties as Fourier trans-
form of functions fˆ (k) that vanish everywhere except for a
finite triaxial region. The simplest such functions are ob-
tained by shifting a symmetric function of compact support
by an amount 1/s along xˆi and superimpose it with a version
shifted in the other direction:
ρˆ(k)= 12
∑
± fˆ (k± xˆi/s) (A7)
with density
ρ(r)= cos(r · xˆi/s) f (r). (A8)
This is a way to hide a disc perpendicular to the xi axis, with
typical scale height s, and with extent given by the typical
scale of f .
Another possibility is to shift fˆ along a direction in the
three-sided funnels in the centre of each octant (see Fig. 1).
A2.1 Ellipsoidal cloaked densities
One option is to take fˆ (k) to be ellipsoidal. Let ϕ(r) be a
spherical function whose 3D Fourier transform ϕˆ(k) vanishes
for k > 1. From such a function, we may construct an invisible
model via the above recipe as
ρ0i = cos
(
r · xˆi
s
)
ϕ(m)
abc
(A9)
For this to be invisible its Fourier transform must not inter-
sect the plane ` · k = 0 which requires
s < `iσ`, σ
−2
` = ` ·C−1 · `. (A10)
So, not surprisingly it is easier to hide a disc that is near-
perpendicular to the LOS (large `i) than other discs. Possible
functions ϕ(r) are listed in Table A1 and shown in Fig. A1.
Fig. A2 shows the qualitative equivalent of the bottom plot
of Fig. 6 (left) and the middle plot of Fig. 7 for the density
ρ0z with s = 1 (see equation A9).
A2.2 Cuboidal cloaked densities
Instead of shifting ellipsoidal Fourier distributions, to gener-
ate cloaked densities, one may also use cuboidal distributions
of the form
fˆ (k)= hˆx(akx) hˆy(bky) hˆz (ckz ) (A11)
with hˆi(k), 0 only for |k | < 1. For example the top-hat func-
tion and its n-fold self-convolution8, which correspond to
h(x)= bn(x) ≡ sincn(x/n) (A12)
with
b1(x)= sinc x ≡ sin xx , (A13)
which has as Fourier transform the top-hat function bˆ1 = 12
for |x | < 1 and 0 otherwise. The scaling of the argument by
1/n in (A12) ensures that hˆn(k) = 0 for |k | > 1. Possible 3D
densities are then
ρi,n(r)= 1abc cos
( ri
s
)
bnx
( x
a
)
bny
( y
b
)
bnz
( z
c
)
(A14)
with parameters n= (nx,ny,nz ), a = (a,b,c), s and i. At large
distances, these functions decay as 1/xn ≡ 1/xnx yny znz . In
order for this density to be invisible, its Fourier transform
must not intersect the plane ` · k = 0, which requires that
`i
s
>
`x
a
+
`y
b
+
`z
c
. (A15)
A3 Cloaked conus densities
The method of the previous sub-section cannot create cen-
trally diverging cloaked densities, because such distributions
have power on all scales and their Fourier transform is not
confined to a compact region. This is, however, only a short-
coming of this particular method and not inherent to cloaked
densities: one may superpose many such models with ever
smaller C and s to create a cuspy cloaked density.
Alternatively, we may construct a cloaked density from
a Fourier transform that is defined everywhere inside a cone
around one of the fundamental axes. Without loss of gener-
ality, we take this to be the z axis. Taking the cone to be
elliptic, this gives the ansatz
ρˆ(k)= ϕˆ
(√
a2k2x +b2k2y
/
kz
)
fˆ (|kz |), (A16)
where as before ϕˆ(k) vanishes for k > 1, while fˆ is as of yet
unspecified. For this to be invisible
`2x/a2+`2y/b2 > `2z . (A17)
Fourier transforming ρˆ(k) first in x and y and then in z gives
ρ(r)= 1
ab
∫ +∞
−∞
eikz z k2z fˆ (kz ) ϕ(kz µ) dkz
=
1
abµ
∫ +∞
−∞
eiκz/µ
(
κ
µ
)2
fˆ
(
κ
µ
)
ϕ(κ) dκ (A18)
8 These functions, also known as Schoenberg (1946) B-splines,
are (modulo a scaling) identical to the Irwin (1927)-Hall (1927)
probability density for the sum k of n independent variables, each
drawn form a uniform distribution between −1/n and 1/n. The
only difference to the common use of these functions is that we
revert the role of the function and its Fourier transform so that
the latter has compact support.
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Figure A2. The equivalent of the bottom plot of Fig. 6 (left) and the middle plot of Fig. 7 for the density ρ0z with s = 1 (see equation A9)
and inverted colours (red for positive densities and blue for negative values).
Table A2. Functions for elliptic conus densities. ϕˆ1(x) is obtained from ϕˆ(k) via equation (A20) (modulo a constant factor) and
ϕˆ
(2n)
1 (x) serves as vertical density profile for the conus density disc.
n ϕˆ
(2n)
1 (x < 1) ϕˆ(k < 1) comments
1 1−6x2+5x4 (1−k2)5/2 ϕˆ(2n)1 discontinuous at x = 1
1 (1−7x2)(1−x2) (1−k2)7/2
2 3−30x2+35x4 (1−k2)7/2 ϕˆ(2n)1 discontinuous at x = 1
2 (3−42x2+63x4)(1−x2) (1−k2)9/2
with µ2 ≡ x2/a2 + y2/b2. For this to result in a closed func-
tional form, the freedom for the function fˆ (k) must be ex-
ploited. If, for example, one takes k2 fˆ (|k |) = (−ik)2n with9
n > 0, then
ρ(r)= 1
abµ2n+1
ϕˆ
(2n)
1
(
z
µ
)
, (A19)
where ϕˆ1 is the one-dimensional Fourier transform of ϕ(r),
which in turn was the two-dimensional Fourier transform
of ϕˆ that vanishes at k > 1. By comparing their respective
inverse Fourier transforms, one finds
ϕˆ1(x)= 2
∫ √1−x2
0
ϕˆ
(√
x2+ k2
)
dk = 2
∫ 1
x
ϕˆ(r)r dr√
r2− x2
. (A20)
It follows that ϕˆ1(x) also vanishes at x > 1, which implies that
the density vanishes for |z | > µ, i.e. ρ(r) describes a flaring
elliptic disc with vanishing column density and power-law
mid-plane profile. Possible functions ϕˆ1(r) are listed in Ta-
ble A2.
A4 Near-invisible densities
We now consider simple analytic density distributions with
projections that do not vanish exactly, but are potentially
9 Or n> 1 if fˆ (0)= 0 is required.
very small. These may be useful in numerical work, for ex-
ample as a perturbation to be added to another model as
input for an iterative deprojection algorithm, or as a com-
ponent of a superposition-based deprojection.
A4.1 Near-invisible ellipsoidal models
The idea here is to replace the functions of compact sup-
port used in the previous sub-section with more general el-
lipsoidal models, i.e. use the recipe (A8) with some model
f (r) whose Fourier transform fˆ (k)may not vanish anywhere.
Then, of course, the resulting ρˆ(k) will not vanish on the
four planes `i · k = 0, but can be small on these planes if fˆ (k)
decays sufficiently fast and the scale s is sufficiently small,
such that the projection Σ, though not vanishing, is hardly
visible.
The simplest case is a near-invisible ellipsoidal Gaus-
sian, when this recipe gives density
ρ(r)= cos
(
r · xˆi
s
) exp (− 12 r t ·C−1r )√
(2pi)3 |C|
. (A21)
Adding such a model generates a disc in the plane perpen-
dicular to xˆi with projected surface density
Σ(ξ,η)= exp
(
− 12 `2i σ2` /s2
)
cos
[
1
s
(
ξ
η
)
·
(
ξi +`iσ
2
`
σ−2
ξ`
ηi +`iσ
2
`
σ−2
η`
)]
Σ0(ξ,η),
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Figure A3. Surface brightess ellipticity ε, a4 and twist profiles as a function of semi-major axis when we project the LARGEDISC or
the SMALLDISC model at θ = 80◦ (left) or θ = 45◦ (right), in both cases with φ =ψ = 45◦. High ellipticity and the positive a4, which are
clear markers of a disc-like component, are only present for θ = 80◦ but not 45◦.
(A22)
where σ` was given in equation (A10),
σ−2ξ` = ξ
t ·C−1 · `, σ−2η` = ηt ·C−1 · `, (A23)
while
Σ0(ξ,η)=
exp
(
− 12 (ξ,η)t · C¯
−1 · (ξ,η)
)
√
(2pi)2 |C¯|
(A24)
is the the projected density of an ellipsoidal Gaussian. Thus,
Σ differs from that of an ellipsoidal Gaussian by both a co-
sine modulation and suppression factor. For a substantial
suppression s `iσ` , which favours discs near-perpendicular
to the LOS so that `i is large.
A4.2 Near-invisible elliptical discs
We can also use a Gaussian for ϕˆ in the recipe of §A3, i.e.
ρˆ(k)= k2ze−
1
2 (a2k2x +b2k2y)/k2z . (A25)
ρ(r)= 1(2pi)3/2ab
1
µ5
(
3−6 z
2
µ2
+
z4
µ4
)
e−
1
2 z
2/µ2 . (A26)
APPENDIX B: PROBING THE EFFECTS OF
HIDDEN DISCS
Massive elliptical galaxies have nearly elliptical isophotes
and this justifies the assumption of the deformed ellipsoidal
deprojection algorithm discussed in the previous sections.
However, even these objects could harbour (possibly faint)
disc components, possibly nearly invisible in projection (see
discussion in Appendix A). Here we explore the effects of
hidden discs by considering a flat component whose intrin-
sic light density ρD is described by a double exponential
profile, reminiscent of those observed for spiral galaxies:
ρD = Ne
−
√
x2+y2
h e
− zhz . (B1)
We choose the scale length and height to be h = 0.5 and
hz = 0.1, respectively, such that the half-light radius is simi-
lar to the one of the Jaffe model used above and the structure
is flatter than the most flatten elliptical galaxies known. N is
a normalization factor used to vary the disc mass. The den-
sity contours in the meridional plane are rhombi, i.e. quite
different from the deformed ellipses of equation (29). We de-
project the projection of ρD using our implementation of
M99’s code, finding, as expected, that the deprojection is
unique for θ = 90◦ and it can be tuned towards the true den-
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sity by using the d4 parameter of the code to obtain discy
isophotes at lower θ angles.
As a second step, we sum to the density of ELLIP the
density ρD with normalisation N chosen such that the two
components have mass ratios of 1 (LARGEDISC ) or 5.67
(SMALLDISC, where the flattened component has 15% of
the total mass). We project these densities for θ = 80◦, 45◦,
and 15◦ with φ = ψ = 45◦. Decreasing θ makes it easier to
hide the flattened component in projection. For SMALL-
DISC (and even more for LARGEDISC ), the isophotes of
the projected density at θ = 80◦ show a clear signature (high
ellipticity and a4 values, see Fig. A3, left). At θ = 45◦ the
only possible signature for LARGEDISC is a ∼ 20◦ twist
(Fig. A3, right), which lies just on the threshold of what we
can observe in massive ellipticals (see Fig. 9a).
We are always able to deproject SMALLDISC using
the constrained-shape method, matching well the projected
surface brightness and with resonably good precision the
intrinsic density, getting RMS in ρ of 12%, 15%, 20% at θ =
80◦, 45◦, 15◦, respectively. This corresponds to the range in
density errors found when reconstructing the viewing angles
for the Jaffe-only density (see Figs. 18 and B2). However,
the region of allowed viewing angles in these cases is larger
(Fig. B1).
For LARGEDISC the situation is more difficult. Given
the strongly non-elliptical isophotes of the θ = 80◦ projec-
tion, the constrained-shape algorithm is unable to deliver
projected densities matching the true ones. We cure this
problem by modifying the deprojection algorithm: we add a
non-parametric, axisymmetric, flattened component, that is
added to the one with deformed ellipsoidal shape, and op-
timize it subject to regularization constraints together with
the first component through the Metropolis procedure. With
this code we are able to reproduce well the SB profile, recov-
ering the intrinsic density with an RMS of less than 9%. Of
course, since in this case the disc’s signature can be seen in
the photometry (Fig. A3a), we may also directly subtract it
from the galaxy image as done by Scorza & Bender (1990).
When we project LARGEDISC at θ = 45◦ or 15◦, the
disc becomes impossible to spot from a photometric analy-
sis alone (Fig. A3b) and the constrained-shape algorithm is
able to reproduce the observed surface brightness very well.
However, the intrinsic density can only be recovered up to an
RMS of ∼ 36% (or even worse when θ = 15◦). Using the mod-
ified, constrained-shape-plus-axisymmetric-component algo-
rithm we are able to reproduce the observed surface bright-
ness to the same precision and the intrinsic density with an
RMS of ∼ 22% (see Fig. B3). We do not see such a strong
difference between the densities reconstructed with or with-
out complementing the constrained-shape method with an
axisymmetric component for models SMALLDISC, ELLIP,
or DISCYBOXY.
This exploration can guide us when deprojecting the
surface photometry of real elliptical galaxies that do not
have clear signs for the presence of a disc component. If a
disc component is present, we expect that the differences be-
tween intrinsic densities recovered with and without a com-
plementary axisymmetric component exceed the variations
observed as function of assumed viewing angles.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure B1. Same as Figs. 18-20 for model SMALLDISC. As in Fig. 18 (reproduced here by the blue dashed contour in the middle left
panel), the area of good fits overlaps well with that where the intrinsic density matches the true one, but is larger. The true viewing
angles are recovered well except for the small discrepancy at θ = 15◦.
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Figure B2. The intrinsic density along the major axis of model
SMALLDISC (blue), and the range of densities recovered with
the constrained-shape method for viewing angles compatible with
the surface brightness obtained projecting at θ =φ =ψ = 45◦. The
black line shows the deprojection assuming these angles.
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Figure B3. The intrinsic density along the major axis of
LARGEDISC (blue), the density recovered with the constrained-
shape method without (orange, ‘single’) and with a complemen-
tary axisymmetric model (green, ‘double’) assuming the true
viewing angles θ =φ =ψ = 45◦.
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